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Stochastic—Probabilistic Efficiency Enhanced Dispersion

Modeling of Turbulent Polydispersed Sprays

Xi-Qing Chen* and José€ Carlos F. Pereiraf
Instituto Superior Técnico, 1096 Lisbon, Portugal

A stochastic - probabilistic, efficiency enhanced dispersion (SPEED) model is developed for the predic-
tion of turbulent two-phase flows. The SPEED model computes both the mean and variance of droplet
positions at each Lagrangian integral time step. The mean position is determined with an improved
conventional stochastic model, whereas the variance is determined by a newly derived Lagrangian equa-
tion with a Lagrangian autocorrelation function. A memoryless Markovian chain is used to determine
the autocorrelation function. The distribution of a physical droplet in space is determined with a pre-
scribed probability density function. The efficiency of the SPEED model is that a minimal number of
droplet trajectories are required for Lagrangian trajectory computations during which a large amount
of smooth noise-free solution can be attained. The developed SPEED model is first validated against a
benchmark test where the measured mean-squared dispersion width is available. Then the results include
the prediction of a polydispersed turbulent spray with detailed experimental measurements. Numerical
results of the SPEED model, using only a total number of 6 x 10* droplet trajectories, are compared
with those of a conventional stochastic discrete delta-function model using a total number of 2.1 X 10*
trajectories, and with a previous stochastic dispersion-width transport model. It is found that the SPEED
model is numerically more efficient than the dispersion-width transport model and needs much fewer

number of droplet trajectories than the standard model.

Nomenclature
D, = droplet diameter
k = turbulent kinetic energy
P = pressure . .
Re, = relative Reynolds number, pV (U,; — U)D,/p
S = turbulent energy source from the droplet phase
S§% = momentum sources from the droplet phase
S’;,—,,] = Reynolds-stress sources from the droplet phase
t = time
U = axial gas velocity
\4 = radial gas velocity
Vs = gas rms velocity, 3k
X = axial coordinate
y = radial coordinate
g = dissipation rate of k
13 = laminar dynamic viscosity
p = density
Subscripts
i, j, k = Cartesian components
p = droplet phase
t = turbulent
Introduction

HE Eulerian—Lagrangian hybrid modeling of dilute two-

phase flows has been widely accepted as a powerful and
state-of-the art tool to predict a variety of two-phase flows.
This hybrid model consists of the Eulerian formulation of the
continuous-phase and the Lagrangian formulation of the dis-
persed-phase where the influence of continuous-phase turbu-
lence on dispersed-phase dispersion is often accounted for by

Received Aug. 4, 1995; revision received Feb. 4, 1996; accepted
for publication Feb. 25, 1996. Copyright © 1996 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Postdoctoral Fellow, Technical University of Lisbon, Mechanical
Engineering Department, Av. Rovisco Pais.

tProfessor, Technical University of Lisbon, Mechanical Engineer-
ing Department, Av. Rovisco Pais. Member AIAA.

760

using a stochastic dispersion model. Comprehensive reviews
on two-phase flow models can be found in Refs. 1-4, etc.

Since the pioneering work of Yuu et al.’* and Gosman and
Ioannides,® many existing Lagrangian stochastic models have
followed suit by accounting for the effects of the continuous-
phase turbulence on the dispersed-phase dispersion based on
the concept of droplet-eddy encounters. Many authors have
reported success with these stochastic models in predicting di-
lute two-phase flows, only to find that detailed inlet conditions
play an important role in accurate Lagrangian computations,
and that a large number of particle/droplet trajectories are re-
quired to achieve a stochastically significant solution. This can
be made much clearer through a brief overview of the recent
work addressing these two aspects. )

Sturgess et al.” computed a turbulent hollow-cone spray us-
ing a Lagrangian stochastic model. Given no complete inlet
conditions from the experiment, they had to artificially specify
these inlet conditions required for their numerical predictions.
It is found that the prediction of droplet spatial distribution
could never be acceptable no matter how they adjusted the
inlet specifications. Based on a sensitivity study of the effects
of assuming inlet conditions on the prediction of droplet prop-
erties, Shuen et al.® also demonstrated that the assumption of
droplet-phase initial conditions does play an important role in
accurate Lagrangian computations. Chen and Pereira’ used a
Eulerian—Lagrangian stochastic model to predict an evaporat-
ing spray of Yule et al.'® without detailed experiments at the
inlet. The inlet. droplet sizes were assumed to be of the
Rosin—Rammler type. It is once again concluded that the pre-
diction of droplet volume concentration was influenced by the
assumption of initial droplet sizes at the inlet. Therefore, to
get rid of the influence of assuming inlet conditions on nu-
merical predictions, the present study has employed detailed
experimental measurements of Chen et al."’ for a water spray
behind a disk. These measurements have provided all of the
inlet conditions necessary for Eulerian and Lagrangian com-
putations.

In conventional Lagrangian stochastic computations, parti-
cle/droplet properties are determined using an ensemble av-
eraging of many individual particle/droplet trajectories. There-
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fore, a large number of trajectories are required to attain a
statistically significant solution. Mostafa et al.'* found that 10°
particle trajectories were necessary for their Lagrangian sto-
chastic computation of a monodisperse particle-laden jet.
Adeniji-Fashola and Chen" reported that smoother profiles of
their predicted results can only be achieved with a total number
of 9 X 10° computational trajectories for a confined particle-
laden jet. To achieve stochastically significant predictions, Bul-
zan et al."* employed a total number of 3.36 X 10* droplet
trajectories for a multisized liquid spray. Furthermore, Chang
and Wu'® concluded that a large number of 2 X 10° droplet
trajectories are required to reach an invariant solution for a
polydispersed turbulent hollow-cone spray. Recently, Chen and
Pereira'® also demonstrated that a total number of 10* droplet
trajectories are necessary to achieve an invariant solution for
a turbulent, polydispersed, evaporating spray. All of these La-
grangian stochastic computations have clarified the fact that a
relatively large number of droplet trajectories are necessary,
which often requires consuming a great amount of computer
CPU time.

This brief review has sufficiently clarified that thousands of
droplet trajectories have to be tracked with these conventional
stochastic dispersion models, spending a great amount of time
in Lagrangian calculations. To overcome the shortcoming of
these stochastic dispersion models, Litchford and Jeng'’ de-
veloped a stochastic dispersion-width transport (SDWT)
model, which aims at providing reduced sampling require-
ments with minimal numerical noise. The dispersion-width is
determined through the linearized droplet equations of motion.
However, this model accounts for neither the effects of the
anisotropy of gas turbulence on droplet dispersion nor the ef-
fects of droplet drift correction. Moreover, an unknown con-
stant accouting for undersampling has to be estimated. Chen
. and Pereira' modified this SDWT model to include these ef-
fects. This modified SDWT model was successfully employed
to predict a turbulent evaporating spray. It is found that a fewer
number of droplet trajectories could be used to achieve smooth
profiles of predictions than the conventional stochastic model.
Nevertheless, the SDWT model, as seen later, requires too
many time-consuming, repeated summing operations, apart
from additional computer memory to store the flow property
of each droplet-encountered turbulent eddy. As a result, this
SDWT model, even though it requires tracking a few numbers
of droplet trajectories, still spends much time on computing
the turbulence-induced dispersion width where many opera-
tions of repeated summations are necessary.

The objective of the present study is to develop a sto-
chastic—probabilistic efficiency enhanced dispersion (SPEED)
model for efficient Lagrangian trajectory calculations. The
SPEED model adopts the memoryless Markovian-chain to de-
termine a Lagrangian autocorrelation function, which is, in
turn, used to determine a dispersion width. Different from the
SDWT model, the SPEED model employs an equation gov-
erning the change in the dispersion width at each time step.
For this reason, it is neither necessary to perform repeated
summing operations or to store the additional flow property of
each droplet-encountered turbulent eddy, as required by the
-SDWT model; as a consequence, it offers higher computational
efficiency. The developed SPEED model is first validated
against a benchmark test of Vames and Hanratty,'” and then
applied to predict a turbulent hollow-cone spray of Chen et
al."* for which detailed experimental measurements are avail-
able. In addition, an assessment of the SPEED model effi-
ciency and accuracy is also carried out by comparing the com-
puter CPU time spent and the extent to which numerical
predictions agree with the experimental measurements.

Governing Equations for the Continuous Phase

To adequately predict the anisotropicity of gas turbulence,
the Reynolds-stress-transport (RST) model is used to write the

governing equations for the continuous gas flowfield. The gov-
erning equations for mass and momentum can be written as
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where the Reynolds stress w;u; is governed by its own equation
as follows:
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where Py, &, ¢y, and D, are the generation, dissipation, pres-
sure-strain correlation, and diffusion terms, respectively. The
source terms S%, S%=, are from the two-phase interactions. The
determination of these sources can be found elsewhere.”*® The
other terms on the right-hand side of Eq. (3) are determined
as follows:
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The pressure-strain correlation term of ¢; is given by
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‘where the production G = P,/2. Finally, the equation govern-

ing the dissipation rate of the turbulent kinetic energy reads
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where the droplet—gas interaction term is given by
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The modulation of the droplet phase on the turbulence of
the gas phase has been accounted for by following Berlemont
et al.*! The RST model constants are given as follows: (C,, C;,

Gy, C., Co, and Cp3) = (0.22, 1.8, 0.6, 1.45, 1.9, and 1.1).

Equations of Motion for the Dispersed Phase

In the framework of Lagrangian formulation, the equation
of motion for each of the droplet parcels can be written as

db~pi U, — U~pi
=——2 + F.
dr Tp ’ (8)

where U, = U, + u; is the instantaneous gas velocity, and F,:
is an external force. The relaxation time of droplets 7, is de-
fined as

oD}

" = 18uf, ©

where the drag correction coefficient f, is determined by

£=1+015RS®™  (0O<Re,<1Xx 10 (10)
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The droplet trajectories are computed by
=0y an

Note that the trajectories determined by Eq. (11) represent the
droplet mean positions in the following stochastic—probabilis-
tic efficiency enhanced model.

SPEED Modeling of Droplet Dispersidn

It is well known that in conventional Lagrangian stochastic
models either droplet properties or droplet sources determined
at each Lagrangian time- step represent the ones only at the
current droplet positions corresponding to a point in space. The
distribution of a physical droplet in space with these stochastic
models is actually characterized by a discrete delta-function
distribution. Therefore, these models are called stochastic dis-
crete-delta function (SDDF) models. It is because-of this char-
acteristic of the SDDF models that statistically smooth profiles
of predictions can only be obtained through tracking a rela-
tively large number of droplet trajectories. As mentioned in
the introduction, many researchers have reported a success
with the SDDF models, only to find that thousands of trajec-
tories are required. To bring these SDDF models to industrial
applications of engineering significance, obviously an efficient
stochastic dispersion model is sought, which should be able to
offer high computational efficiency, but reduce numerical noise
to a minimum. It is to this end that a SPEED model is devel-
oped in this article. The SPEED model developed here is based
upon an assumed premise that droplet mean positions are de-
termined with a conventional SDDF model while another
equation of mean-squared dispersion width is simultaneously
solved in Lagrangian trajectory computations. This dispersion
width is then used to determine the distribution of a physical
droplet in time and space according to a prescribed probability
density function (PDF). Therefore, the equation governing the
mean-squared dispersion width should be derived. In what fol-
lows, the development of the SPEED model is described.

According to the definition of mean-squared dispersion
width, the radial dispersion variance can be determined as fol-
lows:

= =27 —' = f w(iv() de, =2 f v(v(t,) de,
0
’ (12)

where the overbar represents ensemble averaging, v(f)v(z,) the
radial gas fluctuating velocity correlation in the time interval
between ¢ and #,, which can be determined with resort to a
Lagrangian autocorrelation function, defined by

Rut, 1) = 220 (13)
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where v*(f) represents the radial component of gas normal
stresses at ¢, corresponding to the droplet current position. It
can be obtained by interpolating the RST predictions to the
current droplet positions. On the assumption of a homogeneous
turbulent flowfield, the previous equation can be simplified as

Ryt ) =Ru(ti — ) = R(AD) = w (14)
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where the velocity correlation can be appoximated using the
single time-step Markovian chain. As a result, the Lagrangian
autocorrelation function can be determined by

R (A?) = exp[—(AHTY)] (15)

where T, is the Lagrangian integral time constant, and is com-
puted by

T, =03(kle) (16)

Finally, the equation governing the radial dispersion width
g, can be written as

2 = A
ddl: = 2°T, [1 — exp (—ﬁ)] an

which can be integrated to yield the evolving dispersion width
along droplet trajectories. When a droplet encounters a tur-
bulent eddy, T, can be determined with the gas-phase RST
model predictions, and is kept fixed within the period of
droplet—eddy interaction time. As a result, it follows that

a0 ~ oXt — Af) + 2T, AH{1 — exp[—(AWT)]} (18)

Note that in deriving Eq. (17) it has been implicitly assumed
that the dispersion width of a droplet is equal to that of a fluid
tracer. Even though this assumption is not valid for large drop-
lets, it is an approximate way to obtain the droplet trajectory
variance. To obtain the instantaneous gas velocity in Eq. (8),
it is necessary to determine the fluctuating velocity. Most re-
seachers are using the stochastic dispersion model of Gosman

~ and Ioannides.® This model is, however, essentially an isotropic

stochastic dispersion model that fails to account for the effects
of the anisotropy of gas turbulence on droplet dispersion.
Given reliable information of the anisotropy of gas turbulence
by the Reynolds stress model, this conventional discrete delta-
function model was recently improved by Chen and Pereira'®
to account for the anisotropic effects of gas turbulence on
droplet dispersion. In the improved model, the gas fluctuating
velocity is given by .

w="V32&8, (19)

where § is a Gaussian random variable having zero mean and

‘unity deviation. Note that the normal stresses are used here,

instead of 2k/3. To overcome the buildup of mass-flux predic-
tions near the centerline far downstream as observed by Ad-
eniji-Fashola and Chen™ and Chen and Pereira,”® Chen and
Pereira'® further developed an approach to determining the
transverse component in Eq. (19) by

& =& + (Vyn)na, Qo)

where £, is a Gaussian variable having zero mean and unity
deviation, r, the droplet radial mean position determined with
Eq. (11), and «a, a controlling parameter, being either zero or
unity, to switch on or off this modification. This method has
been proved very effective in eliminating the aphysical accu-
mulation of mass-flux predictions.'® Note that Egs. (19) and
(20) are employed to determine the fluctuating gas velocities
in Eq. (8).

For the sake of ensuing comparison, the stochastic disper-
sion-width transport (SDWT) model® is also briefly described.
The SDWT model determines a dispersion-width, induced by
gas turbulence after each droplet—eddy interaction, which is
then used as the standard deviation of the computational par-
cel’s PDF after each interaction. Normalized by the total num-
ber of computational parcels, the overall mean square disper-
sion corresponding to the variance of the parcel PDF after nth
interaction is determined by

K n
0= = w/}j VeusT)? 1)
cp k=1

where K is introduced as a correction factor to account for
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undersampling, N, the number of computational parcels, and
T, essentially an effective time constant for turbulent disper-
-sion that accounts for the influence of the kth interaction on
dispersion after nth eddy, given by

Tk = Atk - TpkAk

i—-1

. A
u 'r,,iA,-exp<—z—ﬁ)i>k+l

NED) s k<n
! Tl , i=k+1
0 k=n
(22a)
with A, given by
" Ap=1 — expl—(Ay/7)] " (22b)

The previous normalization procedure requires determining
an unknown constant K, which depends on different flow prob-
lems. The effects of K on predictions have been studied by
Chen and Pereira® for the present spray, and it is found that
K = 4 is an appropriate value; therefore, this value is still
adopted here for the spray prediction. Of particular note is that
there are too many repeated computations in determining the
dispersion width with the SDWT [see Eqs. (21) and (22)]. This
not only consumes a lot of computer CPU time but also re-
quires a large amount of computer memory for each droplet—
eddy encounter. Moreover, K has to be estimated for the flow
to be investigated. However, we can easily find, by comparing
Eq. (18) with Eq. (21), that computation of dispersion width
with Eq. (18) only requires storing the dispersion width at last
time step; moreover, it also avoids many repeated summing
operations in Eqs. (21) and (22). Hence, Eq. (18) offers higher
efficiency than Eqgs. (21) and (22). The accuracy of these two
models will be assessed in terms of the comparison with the
experimental measurements. ,

Given droplet position mean and variance, we are now in a
position to compute droplet probability distribution in terms of
PDE The appropriate PDF may be Gaussian; however, an isos-
celes triangle PDF is used in the present study to substitute
the Gaussian PDF for simplification. The isosceles probability
distribution function is given by

0 r=r,—w
r—rtw -
fn= ——W2 r, —WLr=r (23)
L r—=r,-w -
'——';;2—— r_rp+w

where w = 2\/3_’0, is the PDF halfwidth, and r is the radial
coordinate. Given the PDF, the probability distribution can be
determined. Depending on different situations, Eq. (23) can be
integrated for axisymmetric flows to give corresponding prob-
ability distributions at a radial position r. Consequently, it fol-
lows® that

FPA O<r<w-—r, i
_| Pc wW—r,<r<r,
P(r)= Py wer<r<wir, for wiR<r,<w (24a)
1 rzwtr,
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where P(r) represents the probability of having a droplet at r,
r, the droplet current position obtained with Eq. (11). Terms
P,, Py, P, Pp, and P are computed as follows:
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Determination of Droplet Properties

In Lagrangian computations, either droplet properties or
sources obtained at each time step represent the ones at droplet
mean positions, and should be distributed using the assumed
isosceles PDF in terms of the current dispersion width. There-
fore, any number-averaged droplet property (e.g., droplet ve-
locity and diameter) at a Eulerian control volume P, has to
take into consideration the spatial probability distribution,
yielding

o, = E DN ALIPLr,) — Piry)] 2 NAGLP(r) — Pur)]
(26)

where the subscript & represents the kth droplet parcel crossing
the Eulerian control volume P as shown in Fig. 1, and M is
the total number of droplet trajectories crossing the control
volume. Note that M depends on the total number of droplet
trajectories used at the inlet. In Eq. (26) r,, and r, denote the
north and south surfaces of the control volume, respectively.
The probability of P(r) in Eq. (26) is determined by Eq. (24).
Similarly, the droplet sources can alsc be distributed into Eu-
lerian control volumes, except that these terms are calculated
using the absolute number of droplets in the control volume.
It should be stressed that a drift correction has to be used for
correct prediction of mass fluxes for axisymmetric two-phase
flows; otherwise predicted mass fluxes tend to accumulate near
the centerline far downstream.”® Therefore, the drift correction
method developed by Chen and Pereira'® has been employed
in the present study. '

Validation Against a Benchmark Test
To preliminarily validate the SPEED model, the experiment
performed by Vames and Hanratty' is used here as a bench-
mark test. The experiment was conducted in a 5.08-cm-diam

i
N0 .
7

X
Fig. 1 Typical Eulerian control volume.
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vertical pipeline where air flowed downward. A continuous
stream of water droplets with a uniform size of 50 um was
injected down the centerline -of the pipe. The experimental
setup was arranged so that the water droplets were injected
vertically downwards. In such a way, the gravity has no com-
ponent in the radial direction; therefore, the effects of gravi-
tational term on the radial mean-squared displacement can be
ruled out. In the stochastic modeling of the water-droplet dis-
persion, the gas-phase field, i.e., the mean velocity profile, the
turbulent properties, etc., were prescribed using the measure-
ments of Laufer® for the fully developed pipe flow. The cen-
terline gas velocity is 11.2 m/s. The monosized water droplets
were injected downward with a mean streamwise velocity of
8.3 m/s. The initial radial and tangential mean velocities were
zero. A total number of 1.5 X 10* and 10 droplet trajectories
are used, respectively, for the SDDF model and SPEED model.
The radial mean-squared dispersions in the Lagrangian track-
ing were calculated in the experimentally prescribed time in-
tervals to carry out a direct comparison between the measure-
ments and predictions. '
Figure 2 shows the comparison of the predicted mean-
squared dispersions of the SDDF and SPEED models with the
experimental measurements. It can be seen that both of these
two model predictions agree well with the measurements; how-

0.75
o SDDF (1.5X710%
ool o SPEED (70)
o) DA7A4 5
™~
8 o045} 8
N 8
Q
Y o030t
3
8
68
0.75 3
8
0®
]
0.00 Lo s '
0 70 20 30 40

Time ([rns]

Fig. 2 Comparison of mean-squared dispersion.

28 mm
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=
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80 mm

Fig. 3

Experimental spray conﬁguratién.

ever, of particular note is that a much fewer number of droplet
trajectories has been employed for the SPEED models.

Application to a Turbulent Multisized Spray

To further see the capability of the SPEED model to predict
turbulent sprays, a nonevaporating, polydispersed, turbulent
spray of Chen et al."' is considered here for the SPEED model
validation, even though other measurements are also availa-
ble."*** Theé spray configuration is shown in Fig. 3, where air
was discharged downward through a nozzle with a diameter
of 80 mm surrounding a disk with a diameter of 45 mm. A
spray nozzle was located in the center of the disk. Under a
pressure of 4 bar, the nozzle creates droplet sizes ranging from
10 to 100 um. The liquid mass loading at the inlet was about
1%. This clearly shows that the spray was very dilute.

The finite volume method is employed to solve the Eulerian
equations together with a staggered grid arrangement. The

XMAX [rmm) = 150

YMAX (rmml] = 80
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~ Fig. 4 Gas-phase flow streamlines.
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Fig. 5 Comparison of axial gas mean velocity.
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third-order discretization of the QUICK algorithm was used
for convection discretization. The initial conditions at the inlet
were obtained by interpolating the experimental measure-
ments.!" The Lagrangian equations are solved by integrating
the ordinary-differential equations. A very small time step is
used for integration. The time step is subject to limitation of
several time scales, such as grid time, eddy-life time, and eddy-
transit time, etc. The initial droplet-size distribution of the
spray is specified according to the- experimentally measured
PDF to obtain an adequate number of discrete parcels, each of
which represents a set of droplets having the same size and
initial conditions. The droplet source terms determined in
Lagrangian computations are distributed into gas Eulerian
equations according to the residence time of droplets in an
Eulerian control volume and the probability distribution. The
gas properties at current droplet positions are interpolated us-
ing an accurate second-order algorithm similar to that used by
Rangel and Sirignano.”® Experimental measurements indicate
that the spray could be satisfactorily considered axisymmetric,
Therefore, only half of the flow domain was considered in the
numerical calculations. For the present unconfined spray, a
computational domain of 350 mm axially by 95 mm radially
is used to fully cover the jet expansion. On the free boundary,
free-entrainment conditions are employed for the continuous
phase.?” In Lagrangian trajectory calculations, the tracking pro-
cedure stops, if a droplet leaves the computational domain. The
present numerical computations were performed using a grid
of 73 X 71 in the axial and radial directions, respectively.
Refined grids were distributed in the region close to the nozzle
to resolve the flow near the nozzle.

Detailed experimental measurements of radial profiles were
performed at X = 4, 10, 20, 30, 40, 60, and 100 mm. The first
radial profile at X = 4 mm was used as the initial conditions
required for the numerical computations. The remaining pro-

=4
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—60 —45 —30 —15 O 75 30 <45 60
Radial Distance [(rmml

2
~

Axial RMS Velocity w (m/s]

o
—60 —45 ~-30 —715 O
Radial Distance (mml

75 30 45 60

o
-

Fig. 6 Comparison of axial gas fluctuating velocity.

files were used to assess the numerical results. The first profile
of measurements provides such detailed droplet properties as
droplet sizes and their corresponding PDF, mean and rms ve-
locities_for each of the droplet sizes, mass fluxes, and droplet
mean diameters at each measured point.

Figure 4 shows the gas-phase streamlines. It can be seen
that strong flow recirculations are present in the region close
to the inlet. Droplet dispersion behavior is clearly influenced
by the gas flow within this recirculating region. In the follow-
ing comparisons, therefore, two profiles at X = 40 and 100 mm
are chosen to represent the ones within and away from the
recirculating region. Compared in Figs. 5a and 5b are the radial
profiles of axial gas mean velocity. It can be seen that the
predictions agree satisfactorily with the measurements. Figures
6a and 6b show the predicted and measured axial gas fluctu-
ating velocity. It is evident that some discrepancies occur be-
tween the predictions and measurements. Similar behavior can
also be observed in Figs. 7a and 7b for radial gas fluctuating
velocity. The predicted two components of gas fluctuating ve-
locity at X = 125 mm rather qualitatively than quantitatively
agree with the measurements. This is probably attributed to the
standard RST model used for such a flow with steep gradient.

Shown in Fig. 8 are the predictions of the droplet axial mean

' velocity and mass flux obtained with the SPEED. and SDDF

models using a total number of 6 X 10? droplet trajectories. It
is clearly observed that a lot of numerical noise exists in the
SDDF model predictions, especially in the region close to the
centerline. This clarifies that a larger number of droplet trajec-
tories are required to achieve a statistically significant solution
for the SDDF model. To this end, a larger number of 2.1 X
10* droplet trajectories are tracked with the SDDF model. The
results are compared with those using a total number of 6 X
10° droplet trajectories. It is found that the numerical noise is
substantially reduced because of the larger number of droplet
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Fig. 7 Comparison of radial gas fluctuating velocity.
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‘Fig. 8 SPEED and SDDF model predictions with 6 % 10” trajec-
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trajectories used. Even so, some numerical noise persists in the
region close to the centerline where very few droplets are pres-
ent. In what follows, the SDDF model predictions with the
larger number of trajectories are compared with those of the
SPEED model using a total number of 6 X 107 droplet trajec-
tories.

The efficiency of the SDWT and SDDF models has been
examined by Chen and Pereira® according to the CPU time
spent in these two model computations. The computations
were performed with a computer DEC Alpha 7610 at IST,
Lisbon. It is found that the SDWT model requires about 2 min
of CPU time to perform each Lagrangian tracking of 6 X 10°
droplet trajectories while the SDDF model requires about 35
min of CPU time for each tracking of 2.1 X 10* trajectories.
However, the present SPEED model requires only about 1 min
for each tracking of 6 X 10? trajectories. This is clearly de-
monstrative of high computational efficiency gained with the
SPEED model. Even though the SPEED model computes the
same number of 6 X 10° droplet trajectories as the SDWT
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Fig. 11 Droplet mean diameter predicted with three models.
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model, it does not require, however, the repeated summing
operations in determining the dispersion width. It is because
of this fact that higher computational efficiency is offered by
the SPEED model. In addition, it is also found that a fewer
number of two-way coupling iterations are necessary for final
convergence with the SPEED model as compared to the SDDF
model. This is because the SPEED model distributes the
sources according to the probability distribution, thus yielding
smooth sources in Eulerian equations. As a result, the conver-
gence rate of two-phase iterations is sped up with the SPEED
model. This favorable behavior of the SPEED model would
be very helpful for predicting relatively dense two-phase flows
where two-way coupling is pronounced. Bearing in mind the
high computational efficiency gained with the SPEED model,
we further examine the accuracy of the model in terms of its
agreement with the measurements. The numerical comparisons
are conducted for the droplet axial mean velocity, diameter,
and mass flux.

Shown in Figs. 9a and 9b are the profiles of the predicted
and measured droplet axial mean velocity at X = 40 and 100
mm. Note that the SDWT predictions are also shown here for
the sake of a comparative study. It can be seen that the pre-
dictions with the SPEED model are much smoother. However,
numerical noise close to the centerline exists in the predictions
with both the SDWT and SDDF models. The presence of nu-
merical noise in the SDDF model predictions can be made
clear in our previous study'’ where droplet trajectories are vi-
sualized. It is observed that very few droplets are moving to-
wards the centerline because of the unfavorable influence of
flow recirculations. Of particular note is that the SDDF and
SDWT predictions are much similar except that relatively
smoother profiles are obtained with the SDWT model. This is
because the SDWT model adopts the concept of droplet—eddy
encounters to compute the dispersion width and the normal-
izing practice used in Eq. (21), which has substantially reduced
the turbulence-induced dispersion width at droplet—eddy en-
counters.

Shown in Fig. 10 are the profiles of the predicted and mea-
sured droplet mass fluxes. Once again, it can be found that
computational noise exists in the region close to the centerline
in the SDWT and SDDF model predictions. The smoothest
profiles are obtained with the SPEED model. Moreover, the
SPEED model predictions are still more agreeable with the
measurements than the other two models.

The profiles of the predicted and measured droplet number-
mean diameters are compared in Fig. 11. It is clearly demon-
strated that the SPEED model predictions are much smoother
than both the SDWT and SDDF model predictions. In the pres-
ent computations, no droplet vaporization was considered. This
is because the measurements and predictions were concen-
trated near the inlet, and the latent heat of vaporization for a
water droplet is relatively large. This may justify the simplified
computations. It can be inferred that the droplet vaporization
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Fig. 12 Comparison of droplet axial mean velocity.
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should have minor effects on droplet properties in the region persists in the 'predicted profiles of diameter with the SDWT

close to the inlet. Compared with the measurements, Fig. 11a and SDDF models. To have a clear idea of spray evolution,
is also indicative of the best predictions obtained with the more profiles are presented as follows. For the sake of easier
SPEED model. A general underprediction of droplet mean di- recognition, the SDWT model predictions are no longer
ameters can be observed on the spray edge at X = 100 mm for shown. However, the detailed comparison of the SDWT and

all three models in Fig. 11b. However, numerical noise. still SDDF models can be found elsewhere.”
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Shown in Figs. 12-14 are the profiles for the droplet axial
mean velocity, number-mean diameter, and mass flux, respec-
tively, at six stations. It can be seen that the SPEED model is
generally superior to the SDDF model, even though 35 times
as many of the droplet trajectories has been used in the SDDF
model predictions. The satisfactory predictions with the
SPEED model further enhances the belief that the dispersion
width determined with Eq. (18) is appropriate for the SPEED
model.

Finally, shown in Figs. 15a and 15b are the profiles of the
predicted and measured droplet axial and radial fluctuating ve-
locities, respectively. Even though slight discrepancies are
present in the predictions of the radial fluctuating velocity,
much better predictions of the droplet axial fluctuating velocity
downstream have been achieved with the SPEED model (see
Fig. 15a). The comparative study of Chen and Pereira® on the
SDWT and SDDF predictions has shown that the predictions
of the fluctuating velocities are very similar, both of which
substantially underpredict the axial fluctuating velocity down-
stream of X = 40 mm. However, much improvement has been
achieved with the present SPEED model, which clearly indi-
cates the success of the present SPEED model. It should be
stressed that the present SPEED model only considers the ra-
dial dispersion width along a droplet trajectory. It can be in-
ferred that because of flow recirculations some further im-
provement could be achieved if the dispersion width in the
streamwise direction has been accounted for.

Concluding Remarks

A SPEED model has been successfully developed for the
prediction of turbulent two-phase flows. This model was first
validated against a benchmark test, and was then applied to
predict a polydispersed, turbulent, nonevaporating, hollow-
cone spray in a strongly recirculating gas flow. In the present
SPEED model, a memoryless Markovian-chain was used to
determine the Lagrangian autocorrelation function, and a gov-
erning equation was derived to solve for the mean-squared
dispersion-width. The developed SPEED model has ruled out
the requirement of many repeated summing operations, un-
known undersampling constant, and computer memory in the
previous stochastic dispersion-width transport model. The
present comparative study demonstrated that the SPEED
model cannot only offer high computational efficiency, but also
eliminate the numerical noise present in the conventional sto-
chastic models when tracking a relatively few numbers of
droplet trajectories. Moreover, the effects of the anisotropy of
gas turbulence on droplet dispersion and the effects of droplet
drift correction have also been accounted for in the SPEED
model. Numerical results also demonstrated that, because of
the unfavorable influence of strong flow recirculations, the
conventional discrete delta-function model persistently pro-
duces some computational noise, even though thousands of
droplet trajectories have been tracked. However, this does not
affect the SPEED model predictions. The success with the
SPEED model has made it possible that an accurate noise-free
solution can be achieved by tracking only a very few number
of droplet trajectories. Therefore, it can be concluded that the
SPEED model should become a promising tool to efficiently
predict turbulent two-phase flows of engineering significance.
However, further improvement is still required to consider the
dispersion effects in the streamwise direction.
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